Abstract. We demonstrate the efficacy of the stochastic LapH method to treat all-toall quark propagation on a N f = 2 + 1 CLS ensemble with large linear spatial extent L = 5.5 fm, allowing us to obtain the benchmark elastic isovector p-wave pion-pion scattering amplitude to good precision already on a relatively small number of gauge configurations. These results hold promise for multi-hadron spectroscopy at close-tophysical pion mass with exponential finite-volume effects under control.
Introduction
Hadron spectroscopy has a long-standing history in lattice QCD. State-of-the-art calculations employ multi-hadron interpolating operators in addition to the traditional single-meson and single-baryon operators to accurately determine the spectrum of QCD in a finite volume, which can then be used to constrain infinite-volume physics via the Lüscher formalism and its extensions [1] [2] [3] . 1 In a finite volume with periodic boundary conditions in the spatial directions, information about infinite-volume scattering amplitudes involving QCD-stable particles is encoded in the energy shifts between eigenstates of the interacting theory and the corresponding noninteracting energies. The leading term in the s-wave threshold expansion,
with a 0 the scattering length, makes it clear that the signal one has to discern vanishes with the physical spatial volume L 3 , so that large physical volumes might appear unappealing at first. However there is a compelling case in favor of large physical volumes: Firstly, corrections to Eq. (1) which are exponentially suppressed in L are assumed to be negligible throughout the derivation of the Lüscher formalism. Large physical volumes are hence mandatory for the relationship between finite-volume and infinite-volume observables to remain applicable as the pion mass is lowered towards its physical value. Secondly, as we will show in this contribution, employing large physical volumes is also beneficial since the number of finite-volume eigenstates in a given kinematical range increases with the spatial volume, so that many data points can be used to constrain the energy dependence of scattering amplitudes.
Computing the required correlation functions of multi-hadron operators, i.e. operators containing more than one hadron interpolator each projected to definite momentum individually [5] , is technically challenging and necessitates the use of all-to-all quark propagators. Distillation [6] has been tremendously successful as a method to treat all-to-all quark propagation, facilitating the computation of correlation functions to a precision sufficient for Lüscher analyses (see e.g. Refs. [7] [8] [9] for early results using distillation, and Ref. [4] for a review of more recent results). In large physical volumes however distillation becomes increasingly expensive. This volume scaling of computational cost is ameliorated at the expense of a slight decrease in precision in the stochastic LapH method [10] by introducing a diluted [11] stochastic estimator in the distillation subspace.
In this contribution, we show that the stochastic LapH method yields sufficiently precise correlation functions to extract the Breit-Wigner parameters of the ρ-resonance on an ensemble with large spatial extent L = 5.5 fm at a fraction of the cost of exact distillation. Along the way we study the interplay between dilution and the number of noise sources with regard to attainable precision, as well as the volume dependence of dilution efficiency. Section 2 gives a brief overview of the stochastic LapH method to settle notation, and results are presented in section 3.
The stochastic LapH method
In the stochastic LapH method [10] , the inverse of the Dirac matrix M −1 is estimated by the outer product
of a diluted random source vector ̺ r, [a] with dilution index a, noise index r, and the corresponding sink vector ϕ r, [a] given by
with orthogonal dilution projectors P [a] acting in time, spin and Laplacian eigenvector space and ρ r a random vector in that space with each component filled with Z 4 noise. The smearing matrix S = V s V † s projects into the distillation or LapH subspace spanned by the N ev low-lying eigenvectors of the threedimensional gauge covariant Laplacian on each time slice of the lattice. On the level of interpolating operators, the application of S amounts to a spatial smearing of the quark fields with a Gaussian profile whose width is determined by the number of retained eigenvectors [6] . 2 In order to keep the smearing radius constant, the number of eigenvectors to retain is empirically found to scale linearly with the physical volume, N ev ∼ L 3 . This scaling is at the heart of the increase of computational cost with the volume in exact distillation, and is overcome in the stochastic LapH method by estimating the Dirac matrix inverse in the distillation subspace stochastically.
The rationale behind our use of a stochastic estimator in the LapH subspace is that the achievable precision of a lattice QCD observable is ultimately limited by the finite sampling of the path integral, and it is hence sufficient to estimate the quark propagator to a precision comparable with the final gauge noise. To this end, dilution [11] facilitates stochastic estimates of M −1 with significantly reduced variance. Following the nomenclature of Ref. [10] we use full dilution in spin (SF) and interlace dilution in Laplacian eigenvector space so that, for a given dilution index a, the source is built from eigenvectors which are interleaved with a distance of N dil in the eigenvector index (LIN dil for short). The exact distillation result is recovered by setting N dil = N ev which we refer to as the gauge noise limit. In practice the goal is to get sufficiently close to the distillation result with a moderate number of required inversions N inv ∝ 4N η N dil per configuration. This interplay between the level of dilution and the number of noise vectors used to estimate the quark lines in the computation of correlation functions is the subject of subsection 3.2. Table 1 . Ensembles used in this work, which have been generated through the CLS effort. Details about the simulations can be found in Ref. [13] and the scale setting is discussed in Ref. [14] . Both ensembles share the same bare parameters and differ only in their volume. The results presented here are part of our ongoing effort to obtain a precise determination of the properties of the ρ-resonance [15] with all systematic uncertainties under control, based on the N f = 2 + 1 ensembles generated through the Coordinated Lattice Simulations (CLS) effort [13, 14] (see Table 1 for some relevant parameters of the two ensembles used here). Table 2 . Stochastic LapH parameters on the two ensembles employed in this work. The N ev eigenvectors of the three-dimensional Laplacian are computed after applying n ρ = 20 steps of three-dimensional stout smearing [16] with ρ = 0.1 to the gauge links, tuned such that in physical units n ρ ρ = const compared to previous studies [10, 17] . Source time positions are chosen so as to avoid boundary effects from the open temporal boundaries.
Results

Ensemble details
Naming conventions for quark line types and dilution schemes follow Ref. [10] . The two ensembles differ only in their physical volume with all other parameters fixed, with the bigger one of the two boxes having a linear spatial extent of L = 5.5 fm, which to the best of our knowledge is the biggest volume to be used to date for multi-hadron spectroscopy with LapH smearing. The remaining LapH parameters are collected in Table 2 , and the number of eigenvectors in the definition of the smearing is chosen such that the smearing radius is approximately the same on both ensembles. While the D101 is the main ensemble used in this study, the C101 ensemble allows for a study of the volume (or equivalently N ev ) dependence of dilution efficiency. For the setup outlined in Table 2 , the number of inversions required on each gauge configuration of the D101
, to be compared to N inv = 237, 568 inversions required for exact distillation on the central half of the lattice. Thus, in the spirit of the discussion in Ref. [10] the results using exact distillation would have to be almost an order of magnitude more precise to justify the additional computational effort.
Dilution efficiency
Various observables can in principle be used to assess the efficacy of the stochastic estimator with dilution. The most natural choice would arguably be the difference between the exact quark propagator in the LapH subspace and our stochastic estimate (2) under some suitable matrix norm. However since this metric requires knowledge of the distillation result and is thus prohibitively expensive on the D101 ensemble, we resort to more indirect but physically relevant observables and consider the correlation functions of a single ρ-meson and of a pion instead. 3 Those correlation functions feature only connected contributions and provide a clean testbed to assess the efficacy of eigenlevel dilution in the estimation of fixed lines, without the additional complications due to dilution in time used for relative lines. For a given number of noise sources N η used in inversions, there are N noise = N η N η − 1 ways to estimate a single-meson correlation function. In addition, if inversions have been performed with dilution scheme LIN dil , the data can be undiluted a posteriori to obtain the results with LIN dil /2 dilution, thus allowing for a systematic study of the interplay of N noise and N dil .
The noise-to-signal ratio of the single-site [5] ρ correlator as a function of time separation using the maximal number of noise combinations is shown in the left panel of Figure 1 . The signal-to-noise problem of the ρ is clearly visible for each dilution scheme, its onset however can be pushed to later times if higher levels of dilution are afforded.
In the right panel of Figure 1 the correlator uncertainty is plotted for a fixed time separation instead, showing its scaling with the number of noise combinations N noise used in the computation of the correlation function. The stochastic estimation of the quark propagator can be viewed as as an application of the Monte Carlo method inside the Monte Carlo sampling of the path integral, but it is not a priori clear if a scaling window with the number of measurements exists, because the N noise noise combinations are built from only N η random sources and thus not independent. Nevertheless the data is well described by a linear fit in N −1/2 noise ; as expected dilution reduces the variance of the stochastic estimator, which translates into a smaller slope with increasing dilution. Furthermore, the extrapolated values of the correlator uncertainty, which yield an approximate determination of the gauge noise, are consistent within a factor of two to three between the different dilution schemes, and to the extent that the estimate of the gauge noise can be trusted, the LI16 curve yields a precision which is rather close even at finite N noise . In contrast to the ρ correlator, the correlation function of a pion at rest does not have a signalto-noise problem, and as shown in Figure 2 a high level of dilution appears to be somewhat less critical: while even with very little dilution the gauge-noise limit is reached if a sufficient number of noise combinations is used, there again is a notable difference in the slope of noise scaling between different levels of dilution. In particular the noise scaling is almost flat for LI16 dilution, a feature that could be exploited to inform the tuning of N dil .
The last aspect to study is how dilution efficacy changes as the volume (and N ev ) is varied. In the right panel of Figure 2 , the combined noise and dilution scaling on the C101 and D101 ensembles are compared. In line with expectations, the variance of the stochastic estimation increases with the dimension of the LapH subspace at fixed dilution. However, although the number of eigenvectors, and hence the dimension of the matrix to be inverted, changes by a factor of roughly 2.3 between both ensembles, there is no catastrophic breakdown in attainable precision.
Interlace-16 dilution appears to be 'optimal' in the sense that the gain in precision by increasing the dilution (hence computer time required for the inversions) from LI8 to LI16 is roughly similar to the expected gain from increasing the number of noise sources. Increasing the level of dilution further would thus presumably be less efficient than increasing the number of noises used in the stochastic estimates. (2) π (3)π (3) ρ (1) π(0)π (1) π (1)π (2) π (1)π (4) ρ (1) π (1)π (2) π (2)π (3) π (2)π (5) ρ (2) π(0)π (2) π (1)π (3) π (1)π (5) ρ (2) π(1)π (3) π (2)π (2) π (2)π (6) ρ (2) π(1)π (1) π (1)π (5) π (2)π (2) ρ (3) π(0)π (3) π (1)π (2) π (1)π (6) ρ (3) π(1)π (2) π (1)π (6) π (2)π (5) ρ (4) π(0)π (4) π (1)π (5) π (2)π (6) ρ (4) π (1)π (5) π (2)π (2) π (2) In the last section we examined in detail how much variance is superimposed on correlation functions in addition to the gauge noise through our use of a stochastic estimation of the quark propagator in the LapH subspace. Ultimately our goal is to perform Lüscher-style analyses of the finite-volume spectra determined using the stochastic LapH method, and we demonstrate in this section that the precision of correlation functions on the D101 ensemble is indeed sufficient to map out the resonance shape of the ρ-resonance in isovector vector pion-pion scattering. Our analysis strategy to extract the finite-volume spectrum has been described previously [17] , and in the subsequent Lüscher analysis we consider only elastic pion-pion scattering in the ℓ = 1 partial wave as higher partial waves are expected to be negligible [9, 18] .
Benchmark
In Figure 3 we plot the finite-volume spectrum on the D101 ensemble in various irreducible representations relevant to the ρ-resonance. Due to the moderately low pion mass and the large physical volume the ground state in each irreducible representation is created predominantly by an interpolator that mimics two pions with some combination of momenta, and mixing of several operators is evident in the creation of states in the energy region where an extra state is expected due to the presence of the ρ-resonance. Even high up in the spectrum energy levels can be extracted reliably, but since it is currently unknown how to relate the finite-volume spectrum to infinite-volume scattering amplitudes above four-particle thresholds it would be of limited use in our context to extract additional states. Figure 4 . Energy dependence of the phase shift describing the isovector ℓ = 1 pion-pion scattering amplitude. Every finite-volume energy level corresponds to a data point at the same center-of-mass energy. Resonance parameters are extracted from a Breit-Wigner fit to the data (solid line) with dashed curves indicating the statistical uncertainty. Two data points with error bars spanning the whole panel have been removed for legibility.
As we restrict the Lüscher analysis to the elastic region and neglect the effect of partial waves ℓ ≥ 3, every finite-volume energy level corresponding to a center-of-mass energy E * < 4m π completely determines the phase shift used to describe the pion-pion scattering amplitude at that centerof-mass energy. We can thus map out the energy dependence of the pion-pion scattering amplitude with an unprecedented resolution (see Figure 4 ) and find the characteristic sharp increase through 90
• indicative of the ρ-resonance. Due to the small width of the ρ-resonance, its shape is well described by a Breit-Wigner form used in a fit to determine the Breit-Wigner resonance parameters m r /m π = 3.43 (2) , g ρππ = 6.05(11), χ 2 /d.o.f. = 0.90.
The resonance mass m r and coupling constant g ρππ are determined to percent-level precision already on the relatively small number of gauge configurations N cfg = 132 and using a low number of noise combinations N noise = 9 in the evaluation of single-meson correlation functions.
State-of-the-art lattice QCD spectroscopy calculations include multi-hadron interpolating operators in addition to single-hadron interpolators. The stochastic LapH method facilitates the computation of the required correlation functions and the computational cost does not increase in proportion to the physical volume. In this contribution we have taken the first steps to understand the scaling of attainable precision with dilution and the average over noise sources. Remarkably the average over noise combinations is useful and consistent with the scaling expected from independent measurements even though the individual measurements are not independent. Interlace-16 dilution in Laplacian eigenvector space is found to be a good choice up to the large spatial volume V = (5.5 fm) 3 considered here, and the attainable precision is sufficient to extract scattering amplitudes via Lüscher-style analyses.
